By the notation and monotone convergence theorem of Henstock-Kurzweil integral, we investigate the existence of continuous solutions for the second order boundary value problems with integral boundary conditions in which the nonlinearities f t, x t are allowed to have the singularities in t and are not Lebesgue integrable.
Introduction
The singular boundary value problems −x f t, x , t ∈ 0, 1 , αx 0 − βx 0 0, γx 1 δx 1 0,
where f t, x may be singular at t 0 and t 1, have been studied extensively; see, for example, 1-8 , and the references contained therein.
In 7 , Taliaferro showed that problem 1.1 has a C 0, 1 C 1 0, 1 solution, where β 0, δ 0, and f t, x q t x −λ , λ > 0, q ∈ C 0, 1 with q > 0 and 1 0 t 1 − t q t dt < ∞. Since then, there are many improvements of this result in literatures for more general case.
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In 5 and other literatures, the authors studied 1.1 in the case where f t, x q t g x , g : 0, ∞ → 0, ∞ is continuous, and q ∈ C 0, 1 with 1 0 t 1 − t q t dt < ∞ or in the case where f t, x : 0, 1 × R → R is continuous and satisfies |f t, x | ≤ h t with h ∈ C 0, 1 , R and 1 0 t 1 − t q t dt < ∞. We note that f t, x admit a time singularity at t 0 and/or t 1 and space singularity at x 0.
In 4 , the authors considered 1.1 when β 0, δ 0, f t, x q t g x , g : 0, ∞ → 0, ∞ is continuous, and q ∈ L 1 0, 1 , q t ≥ 0 a.e. in particular, q is allowed to have a finite number of singularities .
In 1 , Agarwal and O'Regan studied 1.1 when β 0, δ 0, and f t, x satisfies the following caratheodory conditions. C 1 The map x → f t, x is continuous for a.e. t ∈ 0, 1 .
In 8 , the authors studied 1.1 with β 0 as well as δ 0 and supposed that f t, x f 1 t, x q t , f 1 t, x : 0, 1 × R → R is continuous, and q ∈ L 1 0, 1 . It is noticed that the case
with f 1 t, x : 0, 1 × R → R being continuous is not included in all those papers abovementioned.
In this paper, motivated by this case, relying on theory of Henstock-Kurzweil integral, we investigate the following second order boundary value problems with integral boundary conditions on 0, 1 and F 0 0, can be defined. For the literatures in which the theory of Henstock-Kurzweil integral to study differential equations is used we refer to 9-14 and so on.
This paper is organized as follows. In Section 2, we make some preliminaries in Henstock-Kurzweil integral; in Section 3, we will prove the equivalence of problem 1. 
Preliminaries
In this section we introduce the basic facts on Henstock-Kurzweil integrability, a concept that extends the classical Lebesgue integrability on the real line. All notations and properties can be found in the references see, e.g., 13, 14 .
Let 0, 1 be the real unit interval provided with the σ-algebra Σ of Lebesgue measurable sets with the Lebesgue measure μ. A function F is absolutely continuous or AC * on E ⊂ 0, 1 if for each > 0 there exists 
Linear Problem
We know that the homogeneous problem
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has only the trivial solution and Green's function is
3.2
It is easy to prove the following lemma. it follows from Lemma 2.6 that, for a.e. t ∈ 0, 1 , 
3 Since
Thus, we have
3.14
The proof of another condition u σ 1 k 2 u σ 1 0 is similar. 4 Since
for a.e. t ∈ 0, 1 , there exists a subset I of 0, 1 with μ 0, 1 \ I 0 such that u σ t ∈ ACG * on I. Relying on Lemma 2.6, u σ t is derivable a.e. on I and, therefore, a.e. on 0, 1 , and Proof. We notice that p t ∈ C 2 0, 1 and
3.20
The facts associated with Lemma 3.2 deduce that the function x t satisfies x t ∈ ACG * , x t is derivable a.e. on 0, 1 , and 
The Nonlinear Problems
In this section we consider the following nonlinear problems:
4.1
We impose the following hypotheses on the functions f and h 1 , h 2 .
H 1 f t, x t and h i t, x t i 1, 2 are HK-integrable whenever x ∈ C.
H 2 f t, x and h i t, x i 1, 2 are increasing in x for almost every t ∈ 0, 1 .
H 3 There exist HK-integrable functions f ± and h
a.e. hold on 0, 1 for all x ∈ C. To prove our results, we need the following fixed point theorem for mappings of C which is proved in 10 .
Lemma 4.1. Let G : C → C be an increasing mapping which maps every monotone sequence {u n } of C to a sequence {Gu n } which converges pointwise to a function of C. If u ± ∈ C, u − ≤ u , u − ≤ Gu − , and Gu ≤ u , then G has in an order interval u − , u of C least and greatest fixed points and they are increasing in G.
We prove an existence result for solutions of 4.1 . h t dt < ∞ such that |f t, x | ≤ h t for a.e. t ∈ 0, 1 and x ∈ R, L 4 g t, x is increasing in x for a.e. t ∈ 0, 1 .
Since function σ t is not Lebesgue integrable, the results in literature do not hold for 5.1 . Let f t, x g t, x σ t , f ± t ±h t σ t , then f − t ≤ f t, x ≤ f t and f t, x t is HK-integrable for every continuous x since g t, x t is Lebesgue integrable for every continuous x and σ t HK-integrable.
Hence, the existence of continuous solution of problem 5.1 is guaranteed by Theorem 4.2.
